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An Important Remark
Thi¢ & nowhere wear a complete perspective ! ell  foeus m
. wno{u‘Jﬂmdinﬂ Hae definihon and Stucture of Akh

e a Fw applicatins to low-dimensicnal Topology
for the benefit of graduate stdent  workshop attendees

| will skip Some major duvtlopmentt (such as [ Beliakova - Putyra - Wehrli 1 quantum annwlar link komato%)_

However, [ am compiling & list ot referenal in the Rxr version ot this  (ecture Seres.

It i€ very importoat to me to epresent weryomt  work fairly ond accurarely

s you hare done work rlated t annular Khovanov homo(ojj Hhat (| hare not meationed,
p(_wu. feel fre ™ inform me o Yowr perdpective so that | tan include your work m the Compilofion.

Thank Yo for Yowr hme |



Review of Khovanov Homo‘ogg + notation

LeS®  opiented link Ruaning Example L= Hopf link
D(L) oa §° link diagram
E) n=124
n # Mffilyf ! n = 2
Ny # Pwihv& uu.m‘njr n. =0

n. # negative troisings

Cube 04 ~Colutons :

Cube o® resolutons ¢
"
° yerhces® we {01'}

wl= # of “Is in sting Deo

(Y = X @
© edges: w—w  wheaever u<w 00 /




Review of Khovanov Homo‘ogg + notation l@
n # erossings
-~ l / 10
Ny #  positive m.m‘nj.r
n. # negative t',rwn'ng.l
R ground ring (eq 2,¢C,F,) \

0] 3u\um‘vrx ot Ke(d) (“Khovmnov chains”) a5 free R-module

Kauffman States : labelings of each Du

\
witha * or = o eadh planar cirele '
Ie. %)
Kg “Khovanov gerarutors ‘= = < x-> \
pure +nSors i the symbolc X, and %_ , Ky © Xt / Xy ® Xy
after dnowivj an ora(uinj o Hw eircles Xe ® X _ e ® % _
e, k x.® %y = x.® %,

@ # circles in Dy

Du ~ V X0 X
\ R’<7‘l>/ xX.0 X

whee /= Ry, ® Rx.



Review of Khovanov Homology + notation

n #  eromings
Ny #  positive Crossings
n- # negative erosiings
R ground ring (eq . 2,¢,/)
V = R%x, @ Rx_
@ gradinge s dichnguished generarors Kg

ue lrol'}n

(PE] xéK@(D) at Dy |

L’\omuloﬂi(p.i 3mdw\j 9"
9rn (x) = wl-wn_

quulﬁum gmdlnﬁ 3r%
ﬂ(‘%(x)= Jul + #(x.) - #(x.) +n, -dn_
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Review of Khovanov Homology + notation @ /K<x.>:\

Xy © Xs \ 4 ! Xy %y | b

( & Xe® X\ l® Ke® X \4

@ D# ) d X ® %y [a ! & X B %y [y
/Hentnh Kh y x.ox_ /o ‘l>_¢/, x.ox /2
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N

R
If u< w, thea Dy and Dw differ at ‘ ‘@ <"'
exa.dlj one cmuing. 2 possibilites - ()

00" .o ~——>SP:* 0o

VoVl —2=— v —— VeV
Xy Oy —> Ay %y ® Xy
—
Xe®Xo  K_® Xy K. Xy Xe®X. KON,
L
K. ®%K. Ko — 5 %X ®%._

Then exiend ﬁa e (dunfity map o0 all non affected
civties v Dy and Duw.

9. ® VeV



Review of Khovanov Homology + notation : Jummuj

Kh(L) = H‘( (Ke(D), dy ) )

Kc[(b)= @ v@#cirgicrthb.‘

[NEXS
¢ dy. has (3@,3%) bigrading (1,0)

Kh(L) ooes not depend on #he choice of diag ram D(v) !

63. (R&Uw\ul\j CA(AMP(L) L= Hopf link , R=17Z

vl
+
- Ve i 2
K (D) = L 2 Xe®X. = X ®%y X_8%X_) sz ez
" 0 oo vo L
9" 2
‘ e Z< %V -%% xS -x2 )
= — = L = 0
KL'\ (D) im Z( Xl’o_xo: X = X% r‘bﬁ b i -4
! /ﬁ / 9%
S ke LK X @K, Xe® X, K ®Ky, X.8%.)
Kh (D)—T =

ZL X X+ X 8%y, X_®X_) = 1oL



Annalar Khovanov Homo(oa‘j

Aand or  [ink :
L < (R*\ fo})x [0,1]

-
= A (aanndws)
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Annular Khovanov Homo(oag New annular grading om Kg :

® generotors = Kg o (same as Kh) <
® 3ruiw\ﬂ.r 4 = |-i-l
homo(oyfcﬂ 9ri
ziu.u\fum 9"%
u)mdrnﬁ aumber gre :
¢ Xy o nonhivad e = Vg ﬂﬁu=“" {
¢ X. o nowhwved el = VL 3(‘L = - ﬁﬁa O = | +0
' Xe on el elrcle = Wy ka =0
@ dARUU\T\&i dAK('\ +

= componentt of dy, that prererve gr
P d Jre 9re * = 0



Annular Khovanov Homo(oa‘j
Replag our R-module V=R (X, x.):

¢ Xy o nowhivad cirde = V4 ﬁrk: < )
¢ X_ o nonhived il = Vo 3“‘:'( } Y = R<v, w2
© Xy on vl elrele c w9 = 0} W = R wo) s

dAKk = componentt of dyn that preserve gre .

w : - .

UA. 4+ ++
[

/
@s
X

Finish tomputing AKh (GF) fr R=C .

oX. Make Sure to record the (ﬂ"k:j"q,,ﬂ'k)

trigrading ot each dimension



Annular Khovanov Homo(oﬂﬂ: deeper look at differentials

There are now b different $cenarios &Lof\ﬁ ed.qum" Hea ocube € regoluons -
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merges

Annalar Khovanov

VeV — W
©-2)
VoW — vV
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Homology : deeper look at differentials
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History + mofivahon

[ Jones (984] Jownes Po{jnomiai (85
[Kawtfman 198F] Kautfman bracket <,OLL t >: (%’r?’) (L2
Koe S-3 &

[¢]= 0—Z— 0

[OuL]= Vo [L]

[ 4] = ?(o—>ﬂ>(ﬂ&»ﬂ>\’ﬂ{l}—> 0)
7

Jr,]B Sshift

[ Khovanov l‘i'i‘i] Khowmnov Homology

Q@ wo
APS g K
———
[Asaada-Pr15+3¢K(-SiKora 2004 ] Cakgorficaton of Kauffman bracket skein modu (e
of Fx[0,1] (1 -bundles over surfacas)

AKlh = APS Homologta fovr F = annuwduas



History + mofivahon
[ Jones (984] Jomes polynomiak
[K—A‘LHMDJ\ IQX?] Kauftman bMCkUr

[ Khovanov 1999]  Khowwnov Homology

[Asaada-?rlj*gcld‘&ikomu 2004 ) Categorifi cation of Kauwffman bracket gskein modu (e
of Fx[0,1] (T -bundles over Surfacas)

AKlh = APS Homotoga for F=annuwlug

[ Queffelec - Rose 2015 | Annular $n link lhomology
Many rewtT  well diseuds have zmqlogu{.r i amwlar K,y link homolojj,
© f an analogue has not been explored, You Showld explore it!



