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Application : Periodic Links

Example of how AKh is useful even when studying nonannular objects

Queston [£

rels

Kcss pedodic knot
T:8'—8 l=id, T free m K
K= E./—c (ﬁwoﬁem‘ knot

Haen
is Kh(R) bigger than Kh(K)?

Background
PA Swdn (~I00 years ago)

(Borel] dim H* (X) > dim H*(X) “Smith-type inequality”
X = fop space with XO7T  xP=id
X = fixed- point set

M. A gpectal sequence  HY(X) ) = HY(X F)



Application : Periodic Links K K
Background (feuc on p<2, dim = dimg,  for now ) \ g
(Borel] dim H* (X) > dim H*(X) j’t\
[ Seidel-Smith] kagrangan Floer Homology (M, Lo,L.) Is Kh(R) bigger than Kh(K)?

n Soma Calfel

4. symplechic Khovanov homology Khsng

see algo’

[ Hendlricks ] Many centexis : HE of branded double covers, HFK. of PMOdfC bnots
[Bog(a] more o Hendh(icks’s spectval Sequencas

[L.ipshiﬂ—Treumavw\} Hochsehild homology ot d% bimodules (Qﬂ bordared Floer kom/obogj)

Lidman - Manolesen HE o€ reqular eovevs. wWseS SWF homotop pe
9 ) Y

[Large] exrends Seidel -fmith + more 3cw.mlifj



Application : Periodic Links

Queston  [£

Ke<s® pedodic knot K K

T:88—58 Tf=id, v hreen K

K=R&/e quotent knot IED  «
Haen

is Kh(K) bigger than Kh(K) ? jfc‘

Answer [ Stoffregen- Z , Borwdaik - Politarcryk - Silvero ]

(des! dmf? Kh () > da‘mfr Kh(K)  becuse of Borel-like speciad sequence
Kh (K, F,) = Ak (K, F,)
and  flhvatimn spechal sequence Akl (K) = Kh(K), "

BU the Smith ODAJGC"UW‘L (trne), penodic knoll are inherently annular objects



Application : Periodic Links K K

[vaffmdm’z) Borod2ik - Politarcryk - Silvero anial ) KA L)
dAMF? K‘A(K) } dAMFP KL\(K)

P+ wses Khovanov bwmo'hp-j type [Lipshitz -darkar], [Lawsm—LipShH'i-Squar].
But a similar reult can be proven tombinatorially 1

thovem [Z 2018] let R bea Q-peiodic knot with %um\'em- tnot K.
Then Hhere & & spectvad  Sequence

AW (K, F) @ F6,61] == AKh(K)®F,[5,6]
The differentals i this Spectval Sequenca ad + tha tonjechre if Hhe more generad theorem

lats gee how Juch Jmith-fype inequalities are proven b‘y Hudjtnj This case .



Application : Periodic Links

theovem [Z 2016] et K bea Q-pencdic knot
with %uoh‘en*r bnot K. Then

Ak (K, F) @ 0,611 == AKh(K)®F,[6,6"]

Proof Sketch L‘dzf EEARS (1-2)(lzec +r’"9
@ Conshwct locaized Tate bitomplex :

-t e T e -T e FT
—— M'B) — KB —— (B ———

[-T Sy (+ e — .
— K'(D) SELAN Ke' (D) ez, Ke' (D) e,

l‘t -\ -~ = [\
N7 ) PR 5) T ke'®) _E

_7‘(
P
-
%

The bicomplex 3:'w,.r L Hiraten
Spechad seguenws g, ME,

@ Show that "E_ 2 Akh(D) @ F,[6,67]
# @ "E, * An(D) ® F,[6,6™)
@ ME.; ="E,. (no longer dAFferenf\aixj
(this s Mwm.(lj the hardest Paft)

@ Jhow fhat ““E, = AKWh (D) ® F[6,6"]
Aniteneds tonditons satsfied = ' E,2 LWE,‘,

VhE, is the desined specvml sequenct. .



Application : Periodic Links

theovem [Z 2018] et B bea d-penodic knot

*

Lg'

with %woﬂem- ot K. Then

=

K
| " z | £

AW (K, F,) ® Fl6,6"1 == AKh(K)®F,[o,6"]

i$ proven  care- by—uu_c:

(e(5),d i) G

D D

The bicamplex gives d Aivatmn
Specad Jeguenws vhe, ) he,

@ Show that "E_ 2 Akh (D) ® F,[6,67]
# @ "E; * Ath(D) & F.[6,67)
® "'E3 ="E, (no longer differentials )
(this s wma.(lj the hardect paft)

@ Jhow fhat ““E, = AKh (D)@ F,[6,67]
~ hv

Fniteness tondihons sahsfied = V“Em = e,
VhE, is the desined spechml sequenct. -



Application : Periodic Links

theovem [Z 20181 ket R bea Q-peiodic knot
with %u.oﬁen‘r tnot K. Then
AW (K, F,) ® Fl6,6"1 == AKh(K)®F,[o,6"]

& @ ME; T Akh(D) O R[6,6") s proven care- by-case:

K K.
D D




Application : Periodic Links

theovem [Z 2016] et K bea Q-pencdic knot
with %uoh‘en*r bnot K. Then

Ak (K, F) @ 0,611 == AKh(K)®F,[6,6"]

# @ ‘"’E, 2 Akw (D) ® F[6,6") s proven  cace- by—mm:

K K.
D D




Application : Periodic Links

K
Hovem [Z 2018 let K bea Jd-peiodic knot |®L
with %woh‘en*r ot K. Then Q
Ak (K, F) @ 0,611 == AKh(K)®F,[6,6"]
Py
# @ ME; * Akn(D) 8 (6,67} is proven case- by-case: 4= 0 gt

Lg,
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+k
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D .
‘l’-\ -+

= Kauffmon state fixed
bj nvolution
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Application : Periodic Links

theovem [Z 2016] et K bea Q-pencdic knot |®L ! P
with  quotient tnot K. Thun
B

=

AW (R, F) @ Fl6,6"] == AKkh(K)®F,[o,6"]

& @ ME; T Akh(D) O R[6,6") s proven care- by-case:

4. . Qbsertign’
+, v
("Ea, dy)
L ]
X = (#Ke®), dan(®) ® A !
+.+ 4—'+
" VeV — W . .
D 0l e > o Vo Wi
L 7 e,
~ N @00 vy -
. — O (e

“+e
<
®
<

= Kauffmon state fixed -

bj o lution



Application : Periodic Links

K K
theovem [Z 2018] Let K bea Q-periedic knot | LN/ | &
with %woﬂem- ot K. Then
Ak (K, F) @ 0,611 == AKh(K)®F,[6,6"]
Py D
Proof Sketch
@W’VT” focatieat " bicomplex *‘T“‘S‘gﬁ“'} By Showing The bicomplex 3{%1 d Aivatmn

-t 0 "z () T SN 1+T ) h h
5 @) s ) s () U‘"E;,oh) = (AKC(‘”, dAKh)®A Jpem,l qu_,,u vhe, ) €.
daen dau dnv

L i3y M k) T k)

fa i o ® Show that "E_ = Akh(D) @ F,[6,67]
L k@) s ke B) T, k) . . B . }
KM [t KI:M by jreeding Restens * @ "E; = Akh(D) 8 F,[6,67)

Recal: AKh s ’tﬂﬂﬂld.ﬂ-o( _ > @ hvEs =WEW (no lDVIgeV‘ ddff—éfénf\ﬁi.()
(his s mmulﬂ the hardest ]mr’c)

@ Jhow fhat ““E, = AKWh (D)@ F[6,6"]
Aniteneds Ganditions sanhsfied = Mg, = "g
VWE, s the desired spechml sequenct. .



Application : Periodic Links

K K
theovem [Z 2018] Let K bea Q-periedic knot | LN/ | &
with %woﬂem- ot K. Then
Ak (K, F) @ 0,611 == AKh(K)®F,[6,6"]
Py D
Proof Sketch
@0‘“’”}” focatired T"‘T‘ bitomplex *ﬁmgﬁs‘” Bj showing The bicomplex 3{%1 d Aivatmn

L k@) s k@) s ) s : he
) k) ) ("er,d.) = (AKe (), daei) ®A Spectvad Jequenws vhe, , E.

daci, da daa

L i3y M k) T k)

fa i o ® Show that "E_ = Akh(D) @ F,[6,67]
L k@) s ke B) T, k) . . B . }
KM [t KI:M by jreeding Restens * @ "E; = Akh(D) 8 F,[6,67)

Recal: AKh s ’tﬂﬂﬂld.ﬂ-o( _ > @ hvEs =WEW (no lDVIgeV‘ ddff—éfénf\ﬁi.()
(his s mmulﬂ the hardest ]mr’c)

@ Jhow fhat ““E, = AKWh (D)@ F[6,6"]
Aniteneds Ganditions sanhsfied = Mg, = "g
VWE, s the desired spechml sequenct. .



Application : Periodic Links

K K
Queston  [s Kh (R) bigger than Kh(K)? @ @
4
T

Answer [ Stoffregen-Z, ’Bomdzik-?dﬂarczsk-&ilvem]
(jQS! divv\h«,? Kh (K) z dAMFP Kl (K) because of Bovel-like gpeciead sequence

Kh (R, F.) = Ak (K F,)
and  Rlivaton gpeckal sequence Akl (K) = Kh(K),

: The LOjN T (ﬂ{f 2b i\Q?bb(N,f The Show that the leagth 2 induwd  differerhal

kipchitr -Sartar Khovanou homotopy type (dy) for Hhe d-peredic W+ of YW —> v

N

*  However, Hae am(ogu{‘h dtep da s ex. C\@/O O@O ~N

esentally the same as  showing that agree with dag, for VW —> V

[hVE_Z' dz) s shll (AK!:(D), 0(,4;@,) / ( Note that mly the %/a -Axed Kaubfman

i hv
C WE, from bicomplex with Stodes Survive to page "E.. )

Aih werhicak diftererhals



Application of Application : Detection Results
T(2.,5) is Hhe tly knot with 1T Kh.

—
theorem [ Baldwin -Hu - Sivek 202(] Khovanov hnmologj detects T(Q,S)V
But whaether HFK (knot Floer kumology) detecds T(A,S) i shll OFaU\‘.
(ch Knot  genus I§ too b(ﬁ 1t obtain a Rae (Wt of knots 1o u«u_kv)

This is the fimt detechoa result for Khoo (other than ®r unknot)
that doesnt wee datechon by HFEK !

The proef ucet many toole, notably for uc

o the specval seqquenae Kh(K) o A = Ak (K)o A [s2,8%s]
* and Hu () -achea o AW (K) [ Grigsby - Licata - Wenrli ] /

lechunt 3 fomomow !



Detection Reswlts Unknot, Unlink

[Submitted on 24 May 2010]
Khovanov homology is an unknot-detector

P. B. Kronheimer, T. S. Mrowka

We prove that a knot is the unknot if and only if its reduced Khovanov cohomology
has rank 1. The proof has two steps. We show first that there is a spectral
sequence beginning with the reduced Khovanov cohomology and abutting to a
knot homology defined using singular instantons. We then show that the latter
homology is isomorphic to the instanton Floer homology of the sutured knot
complement: an invariant that is already known to detect the unknot.

[Submitted on 4 Apr 2012 (v1), last revised 8 Oct 2012 (this version, v2)]

Khovanov module and the detection of unlinks
Matthew Hedden, Yi Ni

We study a module structure on Khovanov homology, which we show is natural under
the Ozsvath-Szabo spectral sequence to the Floer homology of the branched double
cover. As an application, we show that this module structure detects trivial links. A key
ingredient of our proof is that the H_1/Torsion module structure on Heegaard Floer
homology detects SA1xS*2 connected summands.



Detection Reswlts Annular Khovanov Hemology

[Submitted on 10 Dec 2012 (v1), last revised 26 Jul 2013 (this version, v2)]
Categorified invariants and the braid group

John A. Baldwin, J. Elisenda Grigsby

We investigate two "categorified” braid conjugacy class invariants, one coming
from Khovanov homology and the other from Heegaard Floer homology. We prove
that each yields a solution to the word problem but not the conjugacy problem in
the braid group.

Comments: 12 pages, 2 figures. Version 2 has a new, entirely combinatorial, proof that sutured annular
Khovanov homology detects the trivial braid, involving a relationship between
Plamenevskaya's invariant of transverse links and the Dehornoy order on the braid group

(née Sutwred Khovanov homolojg/
Sutwred annular Khovanov homoloﬂj)

[Submitted on 9 May 2013 (v1), last revised 25 Aug 2014 (this version, v2)]

Sutured Khovanov homology distinguishes braids
from other tangles

J. Elisenda Grigsby, Yi Ni

We show that the sutured Khovanov homology of a balanced tangle in the product
sutured manifold D x | has rank 1 if and only if the tangle is isotopic to a braid.



Detection Results (more)

[Submitted on 23 Jan 2018 (v1), last revised 13 Apr 2021 (this version, v2)]
Khovanov homology detects the trefoils

John A. Baldwin, Steven Sivek

We prove that Khovanov homology detects the trefoils. Our proof incorporates an

array of ideas in Floer homology and contact geometry. It uses open books; the
contact invariants we defined in the instanton Floer setting; a bypass exact triangle
in sutured instanton homology, proven here; and Kronheimer and Mrowka's
spectral sequence relating Khovanov homology with singular instanton knot
homology. As a byproduct, we also strengthen a result of Kronheimer and Mrowka

[Submitted on 1 Jul 2019 (v1), last revised 25 Jul 2019 (this version, v2)]

Instanton Floer homology for sutured manifolds
with tangles

Yi Xie, Boyu Zhang

on SU(2) representations of the knot group.

[Submitted on 11 Oct 2018]

Khovanov homology detects the Hopf links
John A. Baldwin, Steven Sivek, Yi Xie

We prove that any link in S whose Khovanov homology is the same as that of a
Hopf link must be isotopic to that Hopf link. This holds for both reduced and
unreduced Khovanov homology, and with coefficients in either Z or Z/27Z.

We prove an excision theorem for the singular instanton Floer homology that
allows the excision surfaces to intersect the singular locus. This is an extension of
the non-singular excision theorem by Kronheimer and Mrowka and the genus-zero
singular excision theorem by Street. We use the singular excision theorem to
define an instanton Floer homology theory for sutured manifolds with tangles. As
applications, we prove that the annular Khovanov homology (1) detects the unlink,
(2) detects the closure of the trivial braid, and (3) distinguishes braid closures from
other links; we also prove that the annular instanton Floer homology detects the
Thurston norm of meridional surfaces



Detechion Results (euu\ more,)

[Submitted on 6 May 2020]

Khovanov homology detects 7°(2, 6)
Gage Martin

We show if L is any link in S? whose Khovanov homology is isomorphic to the

Khovanov homology of T'(2, 6) then L is isotopic to T'(2, 6). We show this for

unreduced Khovanov homology with Z coefficients

[Submitted on 2 Jul 2020]

Khovanov homology detects the figure-eight knot

John A. Baldwin, Nathan Dowlin, Adam Simon Levine, Tye Lidman, Radmila
Sazdanovic

Using Dowlin's spectral sequence from Khovanov homology to knot Floer
homology, we prove that reduced Khovanov homology (over Q) detects the figure-
eight knot.

[Submitted on 12 May 2020]

Two detection results of Khovanov homology on
links

Zhenkun Li, Yi Xie, Boyu Zhang

We prove that Khovanov homology with Z/2-coefficients detects the link L7n1, and
the union of a trefoil and its meridian

[Submitted on 3 Nov 2020]

Knot Floer homology, link Floer homology and
link detection

Fraser Binns, Gage Martin

We give new link detection results for knot and link Floer homology inspired by
recent work on Khovanov homology. We show that knot Floer homology detects
T(2,4).T(2,6), T(3,3), LTnl, and the link T'(2, 2n) with the orientation of
one component reversed. We show link Floer homology detects T(27 2n) and
T(n, n) for all n. Additionally we identify infinitely many pairs of links such that
both links in the pair are each detected by link Floer homology but have the same
Khovanov homology and knot Floer homology. Finally, we use some of our knot
Floer detection results to give topological applications of annular Khovanov
homology.



Application of Application : Detrection Results

theorem [Baldwin-Hu- Sivek 20211 Khovanov homology datects T(2,5)

[Submitted on 25 May 2021]
Khovanov homology and the cinquefoil

John A. Baldwin, Ying Hu, Steven Sivek

We prove that Khovanov homology with coefficients in Z/ZZ detects the (2, 5) torus knot. Our proof makes use of a wide range
of deep tools in Floer homology, Khovanov homology, and Khovanov homotopy. We combine these tools with classical results on
the dynamics of surface homeomorphisms to reduce the detection question to a problem about mutually braided unknots, which
we then solve with computer assistance

But whather HFKC (knot Foer homology ) deteds T(A.s) is shill open !
(ch knot  genus i too b"j o obtan A fae (6t of knott to ch)

This i the fimt detection pesult for Kh o (other than fr unknot)
that doesnt wee datechon by HEK !

The proef ucet many tools, notably for uc
o the spetval Sequenc Kh(K) o A == Akh (K)o A [sz,Bes]
*©and Hae GO -achea o0 AW (K) [ Grgy -lata- weari]

luchwne 3 fomomow !



AKh and Floer Theories example - work of [L Roberts] aad [ Grigby - LWearli]

[ater (n A Lobbs (echures, goM’“ eneo unfer [Ozxva'.ff/rg?.abé]’s Spechal seqrenca

/\/ —
Kh(K,F) = T (5(5K),F)

(
i -/ 7

\

Kih is 4 Kh ":_;""’Z’ H“ﬂM Floer /\ branched double cover
ag homology ¢ S abng Kecs?
F* st H* ( 3-manifold nvariant)

[ L. Roberts] Genaralizes fine Owsvath -Szabs Specival sequence o pelate

AKL\ (T_’l IF,_> ond H/F\K(Z(K)# (S’XS")#‘(J'XJ‘)) g#B[D,D))

A

/
. z-{i{:sféa}

R B(0,0) € S'xST #8'x8™ from



AKh and Floer Theories example - work of [L Roberts] and [ Grigiby- (earli ]

[&r(gsbﬂ-wewu} Reinkerpreted and extended the  previons relakonships N‘“"”‘j

AKh (L) wirh SFH(Z(AxT L))
7
[Juhaszl’s  sutared Floer homology
(HFK e e ducerbed udiag Hne SFH frantwork.)



Questimns and clanfications ?



