
LECTURES See canvas announcement for office hours
survey

Alg Topology oftenonlysees spaces up to homotopy
continuous deformation

eg A P 0 e etc But X Y Z

Homotopyequivalence will be an equivalence relation

on topological spaces

First considera concrete deformation from aspace
to a subspace ACX

This is a special case of a homotopy

deff Adeformationetractin of a space at a subspace A

is a continuousfamily of continuous maps

ft tecoin
such that

fo A f x A fila FeyftCidentitymop
idx

Contity F Xx co x

it to fax
must be continuous

Rink Assume everything is continuous That's theappropriate
structure of morphisms in the cat of topspaces



eg D unit disk in the IR plane

film l tix

moreputures

F i
me

Ameler Mobiusband

Of A homotopy is a familyof maps ft Y tecom

such that the associated map
F XXI Y

x t to fee
is continuous

Wesay two maps fo f X Y are homotopic

if there exists a homotopy ft relating them
In this case we write to fi

es i

p 8

are all homotopicmaps i f g

ID IR IRP when discuss cell open
later char



projection idempotent in algebrageometry p p

Alternatively P X X where p X A play a acA

In topology the appropriate analogue is a retraction

deff let ACX subspace

A map r X X is a retraction if

r X7 A and rla 1

Equivalently r X is a retraction if r ringapu

Rent A deformation retraction of onto ACX isathomotopy
from idx to a retraction of X onto A thinktime

Rule Not all retractions are f of a deformation retraction
ft

eg is a retraction

But is not path artd so you can't have a

cts family of maps for a deformation retraction

et Also cannot deformation retract
a circle onto a point

key S pt These spaces are not homotopyequivalent



observe

it a spare deformation retracts onto ACX via ft X x

and if X A is the assoc'd retraction

c A X is the inclusion

then we have go 1 and 4 1 theatre saris

a x a

Efficone
where r r

The litpy from Ix to r up is ft

Generalizing

def A map 8 X Y is a

homotopyaginates
if there exists a map g Y

fg 1 and gift 1

Then X is homotoplequialent to Y

ie X and Y have the same
homeffffian diss

and we may write IY

eg In book 0 0 X O are all hopyequiv
but none of them is a def retract of any other

They are are def retracts of 11 110,0114



LECTURE 2 Officethousset M45 523

Recall feg XEY meanings

defe A space is called contractible if it has

the homotopy type of a point idyis nulltopic
This is equivalent to saying that idx
where c is a content map C ITP fixedpoint
Let's unpack this By definition
and are homotopyequivalent

f x x and g x
Constantmys

sit

fg id and gt idx

Tafe Egos x x
is a constantmgs

p g
This is however in general weeks than

saying the space deformation retracts to a point

Indeed c is a retraction andthere is ahtpy
Ix C However this hepy need not be a

deformation retraction because there may be
some te to is where ft p p



Inbook Chp 0 ex 5 6 shows anexample

ex 4 gives a more lenient defn

Fiatpinterest.ielI
ft X X sit

fo Ix f x CA and Fe A CA t

Show that if X deformation retrants to A in this
weak sense then the indusion i AFX to a

Ltpyequivalence

So you stillget a homotopy equivalve even if you
only have a weak deformation retraction

eg An example of a contractiblespace
house of 2 nov see pg 4Hatcher

There are also some more interestingcontractiblespaces
To describe more spaces we need to talk about

ao complexes



Complex aka CW complexes
Legofor topologists

Intuitive definition here fastest byexaple
O we e

K cell DK c IRK

A all complex isa space but by iteratively
gluing cells to lower dimensional skeleta

quotientspace

eg Iwill build a space IS

4 just one Oceel

X D covel attach 1 cue to
0 skeleton Xo

x si.geVe

eg t s'xs

the Topein e fei a F na

e 1

better names it

The data is all in the attachingmaps
K S get xk 1



Can either

Stop at a finite stage so that X for some n N

Quotienttopology fromgluing
Then n is called the dimensionof
and we say X is finitedimensional

OR

Continue indefinitely so that Q X
Then X is given the weak topology

ACX is open resp closed iff

An X is open resp closed in X for each n

egot A 1 dine all apx is called a graph x x

O cells vertices I cells edges

diff The Euler characteristic X X of a cell

complex Xis importantdefinants
X Eo 17 i cells help of items

lecture

Fact them 2.44 the X of a cell apx depends only
on its homotopy type Invariant of

the.grtYm
eg S since S 0 41 1



thesphedg
egpep.net up11 1

Since S I Draph we see that we can

build S using just two cells even

with the attaching map given by the constant

map 5 eo

There is another standard cell decomposition

for spheres that is inductive

so s

s V
5 v 2 1 cells S v2 2 cells

using 2 Alls in each dimension up to n

Tentsphines
HW describe these in coordinates confwly
key attachingmaps

You can continue and build so

5 colim so s s

with 2 cells in each dimension n 0

Claimant we wake 4 fundamental group
to show that 5 is in fact contracible


