
Recall A cell complex CWCpx is a space built

by iteratively gluing cells to lower dime skeleta

start w collection of 0 cues no Ostereton Xo

attach are 1 cells to Xo me 1 skeleton

attach are n cues to X Xn

can either

Stop at finite stage so that X X NCN

Quotient topology from gluing
Then n the dimer of X

we say X is finitedimensional

eg graphs 1 dine on epxs

OR

Continue indefinitely so that Y
with the weaktoplgy

ACX is open resp closed iff
Ann is open resp closed in X n

eg We can build successive 5 using two cells

in9hadiigifgieth.at
the K skeleton of

SN colin so as s as sics

HW show that 5 is contractible



94 Qnncwepx example Realprojectiygqn.cn
IRP module space of lines through

IR 204 x xx for XE IR 207
5 x x 54 1 shorthand

1 It is the antipodals

The antipodal map respects the standard all

decomposition ons send's k cells to K cells

Quotient the CW Cpx by 1 to obtain a

cell decomposition of IRP with one cue in

each dim n

Hw work out the details explicitly

eg we can similarlydefine CP complexeojctive

space complex lines through 8 in
t y

And there are spores that are not hopy eguer to

any Cn Cpx eg the long line



operationenspace

Cartesian Pct If X Y are all apes Xxy

has all structure induced by that of X and Y
with cells e T ep
cell fromX cell from Y

Resulting topologymay be finer thanproduct
topology in extreme cases

Quotient by subcomplex ACX

Tahas cell structure of X AU

where all cels in A are crushed to

Wedge aka wedgesun

let X x 4190 be
Tyltlchoice of
basepoint

v4 XHY
xo yo

eg s vs as

can generalize toarbitrary collection of spaces

Lxx



Coe Ota space
ex XXI Xxoy

convince yourself that CX

it tt
EEfitIpehedt1patted

eg SX where X S

Ingeneral SX CX V CX along the two

copies of Xx 103

verity that 55 Snt

If X is a cw Cpx SX has induced structure

Aside SX is an important construction esp later

stable hepy type refers to stability under

the suspension operation

maps can also be suspended Sf SX SY is

a quotient map of 8 1 XXI YXI



Join
If we have two spans X Y we can define the

space of all linesegments joining pts in
topoints in 4

x x

y

eg.FIdieaXXYXIY
What is pt

Smashent more important later in ay top

Xny XxY Xuy X Y based

areduled version of XXY where the canonical

copies X Y u Xx't are crushed to a basepoint

egle sins TYSv51 S

In fact Sm is smth

i



Aside Reduced prian X to based space

2 54

Effable
If X is a ow apx w x ao all then IX SX

but has simpler Cw structure

a x 0 sx.fi
eg X s EX

mgzs cyhn.de important

debt For a map f X Y the mapping cylinder

my
XXI Y

x 1 f x

I mean
Loo 1

Convinceyourself that Mf detonation
retracts to Y



CXAmappingcone f X Y

l4 Effi
ma on

frantly
Notation Attachingspaces

If we glee Xo X along a subspace ACX

via givingmap f A Xo we may write
the result as XoHf X

Y no Xo HX all



ThocrteriafortomotopyEquinates
Collapsing contractible subspaces

Fact prover later if X A is a cw pair w A

then thequotient map X A is a hipy equivalence

Every graph with IVI IE an is a

disjoint union of wedges of circles
In Chp 1 we'll prove Y S Ks whenmen

If spaces can look very different

a

a

Irs

111 2174 ex as is a cupar and to

attachingmaps fig A Xo are homotopic

than XoHfX Xo Hg Xi

eg compare with eg above

EEIEELED
f



TTEE.ietttaaascx.asteiieix
If for any 0 f o x y

and htpy ft A Y sit Fola fo
we can find an extension ft Y

ie where Ftl A ft
then we say that X AI satisfies has the

homotopyxtnsinpopety HEP

In other words X A satisfies the HEP if

ft Fo in the diagram below

Y

AXI

to

Ax 07 03

We can describe HEP in terms of topspaces

rather than space time



Claim A pair X A has the HEP Iff

Xx 0 v AXI is a retract of XXI

Pf
HEP

to A Éox o v AXI

AyFÉÉ
is aimtn.imxucosuaxIfo
Yis inEI xu2osuAxI

Axios 03

it is a map XXI Xx 0 AXI

that is id on AXI.ie a deformation retract

In particular at time t 1 we have a retract

suppose r XXI Xx o v AXI is a

retraction

First suppose A is closed in X See remark at end

Then any two maps
f Xx o Xx o v AXI

g AXI Xx 0 v AXI

that agree on Axloy X 103 n AXI



giveto form a map
F Xx 0 v AXI Xx o v AXI

ie definedby Flxxco f F AXI 9

Axios Txi AXI E Y

AXI I
Note that F is continuous since its cont on

the closed sets X x 07 AXI

Then For is an extension XXI Y

of the map f htpy g the input data
for the HEP

Route What if A is not closed

Seeargument in Appendix that generalizes the prooffor arbitrary A
eg X is a CWCpx

Observe that if is Hausdorff then ACX is
necessarily closed in this context

103 AUI ing r ZEXXI t t

is closed since Hausdorff

Axl Kaif
n xis

is closed in X 17



Peel f XA is a cw pair then X 07 AXI

is a detonation retract of XXI

Herte X AI has the HEP

t.it tnoteDuxIdit retracts to D lob v20 I

by rt tr H 1 where

r is projection from CB 2

4T

At the n skeleter we can deformation retract

XI 070 A XI

by simultaneously applying did retractions like

above for each n d not in A

Combine are these htpies by performing the dit
retractor for the n skeleton during

ⁿᵗ

Continuity atO Any posit in XXI is in some XXI

it is stationary on O k

Recad CW Cpxs have the weak topology
with respectto the skeleta



puopo.LI if x A has the HEP and A

then the quotient map q X X A is a hip equiv

Pf
Ais contractible htpy ft A X where

to inclusion of A f genfmepae.ua
me

start w ft A A extendtarget
X A has HEP extension ft X X where

Fo idx and Fela ft
Since offt A sends A pt it falters

as E 8 see motets Item
Ix

9 a a

A x ̅ A
weekdefined

At t 1 Fi A a so fi factors as I gg
g is well defined

Ix
at



We have the commutative diagram

Isx
top triangle commutes

q 18 by definition ofg
YA T A

Bottom triangle anygifts any
lift

qg
x ̅ qgq x q F x fi q x J x ̅

Now check that g and q are inverse homotopy

equivalences

gq f Fo Ix via ft

qg F to Ix a via E
Er


