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def A harpy ft X Y whose restruction to ACX is

independent of t ie fela fola t

is called a hereativo htpyn

eg A deformation retraction ft X X onto ACX

is a htpy rel A awe fela inclusion of A 1

propose suppose X A and Y A satisfy the HEP

and f x y is a htpyeguir w f la te
pampagnyThen

fisabgyga
proof in discussion

Corey f X A has HEP and A X is a titpyequal
then A is a deformeation retract of

cono.LI A map f X Y is a htpyequiv if
X is a deformation retract of the mapping

cylinder mg

Cor X Y are hipy equiv if 3ʳᵈ space

containing both X and Y as def retracts

Cream armacy know my Etty



PE see clear EI

Y

ih
anna men's j are incursion

r is canonical retraction

check that the dragon to the left f ri
homloyommutes ie is jf bycommutes us to homotopy slide

slave j and r are htpy equivalences
f is a hapyequiv iff i is it is by hypothesis

Claim MAX satisfies the HEP
see Example 0 CJ in Discussion
or consider care of cw Cpxs

Soby car 0.20 X to def retract of My
a



towardfundamentalany.be
want to define an assignment
topology algebra
topspaces Groups

me

II
equiv

so that we can use algebra to stely topspaces

PathstHomotopy

path in X from a to b

f I where 11 1

hapy of paths ft I where
fft b

Associated F IX I X is continuous

we write 7 for the equivalence class of

f under homotopy to f above



we have composition t.fr Pattticises
notation f first then g by reparametriving

f g s
f 257 OSSEK

9 25 1 42 SE 1

commeyourselfthat we havea
manned

composition on litpyclasses

LEE
gs

T.EE I
isamtex

The fundamentals of the based space X x

is the set of all htpy classes of loops in
based at X

with product groupoperation 1g f g

ad is denoted T X x

pep v x x is a group
Pt Chule identity invites

CH Xo frof



X CR convex then T X x 1
Ty is in general not abelian
so the multiplicative identity
should be written as 1

Rnd Tn X x is defined similarly butby
considering maps f In X where

2I Xo These are the higher terygroys
which we may discuss later

Obsule we can move the baspoint
let h be a path from Xo to x

Then we can define the changeofbasepins
homomorphism Ph X x X x

f hf.tn

x.TO
CheckBa is well defined

check Ba is indeed a homomorphism

Prof PL is an isomorphism
pf criverse is PT check



Rak If X is pathcontd then the isomorphism class

of T X x doesnt depend on the choice ofbasepoint

Xo then we can write T X or X X

def A spare is simplyconnected if it is path ctd

and has T X 1

eg X 5 where n 2

noney X Y UTC IRT D S where Y y axis v2

T is the topologists same arve y sin t e o

the X is connected but not path cute

If Xo E 4 then n X Xo 2 as well sell

but it Xot T then X x 1

proptle A space X is simply cartel off

Xayex hipy class of paths from x toy
pf

if fig are paths my then f fgg g
since fg 1 Et X ie fg C const

F class of paths from to to Xo



toward
Fundamentalayfleche

that T LS 2 generatedby the htpy class of
the loop w s cos2 as sin 2Ks based at 407

let 4,07

WCs cos2 as sin 2Es

Wals cos 27ns sin 2ans net

Note that W Wn

R R
S H cos 2ES fin ZTS s

exigit parkinggarage
pron P I

Xy

In III is the path wandering around the
heliohl times up if no down if n o

note win starts at OER

note wn pin
IR IR we say w̅ is a lift of Wn

I



Coveringspacestate

def let X be a space
AcoveringspaceofI.is a space x ̅ together
with a map p x ̅ satisfying the

coveringspace condition

For each pt EX I open abled Got x in

stark

paper
t P W is a union of defeat opensets
each of which is mapped homeomorphically

onto U by p everyered abled 4

gig
is R

Pd 2 Is acyla

es EI IR

not
k



Fact we will use to prove T S 2

For each path f I starting at XoEX

and each To Ep 1 Xo

there is a unique left F I x ̅ starting at x ̅

For each hapy ft I of paths starting at xo
and each XoEp 1 xo
there is a uniquelifted hepy Fe I x ̅

of paths starting at to
leave proofs for later But IN our case maybe
can believe

ptotthm asswingfats

eletfiIS.be a loop based at x 40 WT f wa
forsomen

ByCal lift 7 starting at GEIR

Thispath ends at some ned since p F II to

and p 1 Xo 2

Otherpath from 0ms n in R is In

I In via the linear homotopy 1 t F tw̅n
Then Et pJn tpw̅n is a hepy fewn

f Wn



Now wtf n is anyrely determinedby f
Suppose wm If wn let gt be a hopy from wa to wa

By gt lifts to htpy gt of paths starting at 0 IR
F om and f In uniqueness

Since It is a htpy of paths the endpoints

of win and In must be the same an

put on boardbefore class

To prove we prove a more general statement

claime Given F YxI

and F Tx 07 x ̅ lifting Flexcoy
there exists a unique map F Yx I lifting F

and restricting to thegiven Fo on 4 103
That's a mouthful Clearer in diagram form

x ̅
abettingÑ fi j Ef P went
white

x ̅
Tithe.fi misano ex

thereis a mequeleft I x ̅ starting at 03

tudou.tt tpE3x
ofpathsstatingat xo

thereis a uniqueliftedhepyFe I x ̅
ofpathsstarting ate Ix



verypoint set proofptof

wewielgothroughquuetly.Oistconstruct a
TFÉ

ne x ̅ for yancy and

SimeFXI X is cts

every pt yo it EY XI has a product abled

yo t C Nex at be Nt for now
small enough sit F Nt Cat be is contained

in an evenlycovered nbhd of F yo t

Since yo XR is compact finitely many such

Nex at.be cover the interval yo R

we can choose

a single nbled got N CY to actas Nt

for each nbhd Nt x at bt in this finite set

O to c t c Ctm 1 set i

F Nx ti tim C Ui evenly covered

Assume inductively that I hasalready been

constructed on Nx 0 ti agreeing with the guen
F on Nx 07

F N ti tie chi even covered

lift w̅ CX projahaggorphically
nbhd of F yo til



After shrinking N possibly we may assume

F Nx tib is contained in Ai
ie replace Nx til by

Nx til Fluxes Ii

Itta Ui

Now define F on Nx ti titil to be the

composition of F with the home pt Ui ñi
lift F on this abled

When i reaches on we are done constructing

F on the abled N of yo

Under sketch

Prove case where Y yo

Lda If F F are two litts

since Conductively Fct CH

F Cti tie F Cti tim the same Ui
Sure p is injective on Ti and pf pet
we have F on Cti titi



when Y is more than a point note that F is unque
on each NXI when restricted to each line segment

y XI they must agree when two NXI's

overlap
get a well defined lift F on all of YXI

continuous blc cert on each NXI

anyne be unique on each ly3XI on

Every non constantpolynomial in CZ hasaneutine

Pfstetch
Suppose that p t tn ath t tan has

no roots in WTS pct is constant

For each re IR

IE
ft

htpy of loops

notice fo s is the trinal loop

maybe in Discussion



Boshlantheoben in dim 2

t I antipodal pts on Earth w some toys pressure

that for every continuous map f 52 IR

there exists a pair of antipodal points x 3

in s with f x f x

eg Maybeonly
one eg projection 5 to IR

try proving to yourselfwhy this holds in

dim 1 f S IR g x fex f x

t
Suppose BWOC that f S R where x fix f x
Then we may define a fr

ga start

Observe that g x g x

Define a loop y s cos 2Ts sin 24s 0 I R

this is w from last class but into R

let h s be the composed be gon I s

interpreted suitaby

Its s s

loop



Since g x g x we have

h s h s for Sf 0 127

Lift the loop h to T I IR based at 0 say
Stk T S 9 22 1

of depends continuously ans independent of s

hL ñ 8 2 Ico 92 9 2 Tco q
1h7 Wg 10 in S as qis odd 0

OTOH h goy where y was obviously null homotopic

ins goy is nine homotopic by compof htpy
contrade an


