
Tt conted some computational techniques 10.13.25

Relationships b w spaces induced homomorphism

prope If X and Y are path connected then
a XxY H X a Y

Pt
Product topology on XXT

f f Z XxY is continuous

if giz x h z y

defined by f t g t 471

are both continuous

zf Ex all projections
are continuousa

hoop f I XXY based at Xoyo is

equiv to a pair ofloops g in X based at xo

h in Y based at yo
Samewith abtpy Ift IXI XXY

Fran

M XxY go a X x xn.LY yo
87 Ig h

easyto check this is a homomorphism Isom re



CT In 2 2
2

2

eg In T here is a logs representing 3 2 T TY



InducedHomomor him

let 9 X x Yyo be a map of basedspaces
ie Exo yo

Then 4 induces a homomorphism

ex Ti X x T CYyo
f Yof

check

well defined
If forf raft then 40to us a hopy
relating Gof Yof

homomorphism

4 f g Tof Yog
40f s St 0

Roges SE 44 13

Henceforth 4of autter If char

sic cent Yen
X x 4yo Zito

In 1 identitymg on spaces identity from

R 7 Top Gop is a finite



Core If y are inverse homeomorphons

then 4k 4k are inverses
4

4 4k 6 4 1 came for t.lk

We'll use this to prove Sn 0 if n 2

lemmell If X U At where each An
is open pathcutch and contains the basepoint Xo

each Aa Ap is path cartel

then
everylogs in X based at Xo is homotopic

to a product of loops each of which is

contained in some Ax

Pt idea

let f I X be a loop

partition 0 5 S C Csm I sit

Si Site C Adi
take collution of abhds each contained in anAx

I compact only need finitelymay
interas to cover

Write fi for the piece of the path flesi sins
reparanatured to fi I Ax CX

For each i pick path g in Ax nA it



from to ms f Si
Then the loop

fig gifegel gm i.fm f
an

popl.IT s o n 2

pt
we can write on AUB where

A S southpole
B 5 northpole

let Xo 1 0 0 meshpole southpole

loop f based at x is hopeto one in the

form of Ama 1.15
But T CA T B 1

so we can simultaneously homotope each
sublogs to the constant path Ee

Cor IR is not homeomorphic to IRM for a 2

pt
a may 11 it Khitan are

LR fool not path card

If f IR IR consider induced honor

R 0 Ra fco



Then fk T R2 to T Rn 8013

cannot be an isoon

IR 1803 I S IR

n IR 401 Tu S x x IR 2

R 1803 S XIR
T IR 103 Tt Sm a IR 1

Ea

FFI retracts to ACX then T A x T X x

is layete
If X defamation retracts As the ice is an ision

Pf
r X A retractor ri 1 rack 1

if ligature

re X X df retract r X CA

Any loop f I X based at Xo EA

is hiple to a loop r f in A na ref
Lik is also surjective Dd

Cr S 2D is not a retrant of D



ambaspolis

IEEIT.atiam a

Inparticular it A xo B yo
we have a basepointpreservinghomogs

use this todefine hey
euthasedspaces

To handle homotopies that dont fix thebasepoatimage of X moves with time t

lemmata let Yt Y beahtpy
and L t Yt Xo apath in T

Then the folowingdiagram commutes

H x x

Y e x

Ja
T x Xo



Pt let he be the reparametriced restriction of
Into the internal 0 63 he s h Es

If f is a logs in X at harpoint Xo
then he Yet tt givesattpy
of loops based at x

Obs are that then

40 1 3 Ba 41 53 therefore
4 xo dagan

Picture 7 4 f
22 7 Yet

d x
Yof



propI if 4 Y is a hitpyequivalence
then 4k a X x M Y 9 07

is an isomorphism choices X E X

Pt let X y x be a hepy inverse for 4
Read 64 2 46 1

Consider

txy a c excess

hipy ft X X from 44 to Ix
Bylemma for Bafix forsomepath h

Ca

4 4 Bu
isomorphism as weshowed before

Ya le isism Iis Entire
Similarly

man t.ee Ifltaxecos
4 4 Pricing apath in 7
Yk is surjective



Technically here is based at 44 Xo

To distinguish from theprevious
a X XNo T Y G x left denote

the second instance as

it X 49 x T Y 646 x

Since 46 Ix there is a hipy ft xx

s t 46 to 1x f and here

hls f Xo is a path from 46 x m x

Similarly we have a path g s 4of Xo in Y
from 946 x m 61 0

Then 4 βn Bg is surjective and Pg is anison
94 is surjective

T X 441 071 juy 949 x

Pw Tpg

A X x
f t Y e tol



Toward Seifert vankampen thrown

Empirederfgous

eg Consider N X x where a

b

Believable that N X consists of
paths of the form ni Mie 2

an bm an bm ankbone

paths are finite

we wite this group as T X 242

the frupedt of and a

diff let G A be a collection of groups
The free product Kax is defined as

Underlying set

words g gr of arbitrary finite length 70

when each gie Gi for some i

Identity is the empty word



group operation is concatenation

juxtaposition in featcher

g gm he ha

go guk ha

inverses

g gm gon g

El a word is reduced if your done
all possible cancellation Combinations

y gg 1

g g m gs

Youmight recall that 2 2 is actually a

finitely guested frege
2 2 a b no relation 7

But observe that 2 224 Ha is not free

2 22 k Ya a b al b 17



Obsure that there is a natural inclusion

Gp Tp 92 as the words w letter
only from Gp

Unimpapoerty
Gwenany collection of hoous Qx Gx H

4 ax H sit the diagram
commutes PEA

α

ipf
Gp H

Suppose X YA where each Ax is path contd

and contains the basepoint to EX

For each α we gethoms induced by inclusion

jα T Ax Xo T X x

By the universal property of free products these

extend to a hom

I a Aa Xo h X x



The Seifert vankampen theorem
tell us when I is surjective
and sometimes we know what the kernel is

Under certain conditions we can compute

A X x 4 Ax Xo Kene

th 20 Seifert VankampenTheorem

If X is the union of path cutd opensets Ax
each containing the basepoint to EX
if each intersection AxnAp is pathertd
in the mm

Eemianpis surjective

it in addition to each intersection

Adn AprAg is path contd then
kerI is the normal subgroup N generated

by all the elements of the form

Lfw ice
for we T AsnAB

xp induced if α induced
by An Ap As by AnAp As

Observe that ja tap jp ipa
M X T Ax N



Some examples before we prove the theorem next week

m CP CP CP
A An

A nA path crtd

Triple intersection condition trinally satisfied

Any we T A nA_ is already trinal

T X T CA t A2 2 2
Fafree group

on 2generators

eg Using a similar argument we can generate ie

If X Y Xx where each Xx is path atd

then
x Milka

eg Nonexample

x clios 0
S A A2

A N A2 is not path cartel
Indeed T CS 2 trivial group



eg Nonexample

As X a T Aj T 511 2
a

Ap X b for j α β y

Ay X a

Each double intersection looks like

path artel indeed and T trimal

However the triple intersection looks like
not path atd

indeed T Q E M ad 2 2

not 2 2 2

eg First non trivial examples extremely instructive
IRP A A2

0 a a 0
A nA Or T.CA nail isgeneratedby 87

atwhenwritten

N isgenerated by city is G lists
u

M IRP 2 1
a 422


