
Flifft is obtainedfrom by attaching 2 wees e's
via attachingmaps Qx then

ik T X x H Y.ro is surjective ke it is

gen'dby elements 22 982
i s

changebasepoint to Xo

b If Y is obtained from X by attaching
n cells for fixed as 2 then it is an isom

c For a path outd all Cpx X

i X2 X induces an isom

ia T X x T X x

Pt Sketch
a

Sep expand 7 to a slightlylarger space 7
that def retracts to Y for sake of S uk

ep
ey So stripalong

ya
notin Sa



A Z Y ya is open path cutd

def retracts onto X

B Z X we arranged so that this would
be an open subset of Z

is contractible

S VK T Z A K
where K normal subgrap gun'dby
image of induced my
4 AnB I A pausefor

groupthey
IRT check that F Anp is generated by
the loops S of

QE.fifiiiffi
which are are taken to 8 4282
under Bu
use S UK again with open cover

Ax ARB
1
et



b Same idea but use n 72 now

Then As deformation retrants to Sn
1

T.CAal 1

T.CA n B 1

c f x x then use induction

If X is not finitedone a Cpx then
let f7 E T X Xo

The based beys has compact image so

lies in X for some n cut fromApp A 1

By b f loop in X 4 T X T X
scejecture

Forney If f is allegedin X2

that is nuel hope in X na a hipy
F Ix I X then thas Cpt
image is contained in some Xn

may assure n 2

By b T X X T X Xo is injective
so the f isactually nuil hire in X already

u



egs Recall polygonal decomp of Mg Ng
discussion point set top course

eg T Mg a bi ag.bg
yyyy

aging

commutators

Cor If gth then Mg Mu Mg Ma

pt Abelease x

Ab Ti Mg 2

monomentable of non orientable genesg

eg G Ng Can by ag.bg ai ag

Cor If geh Ng Nn

Cos For everygroup G there is a 2 die a

apx Xg with F Xa EG

Pf use group presentation G 92 v7
I 5k attach e's along loops specified

by the words up He



moreexample
eg What is T X where X is

qubits
F

S rk β 28
T X cx.fr xpxip 1 g p

eg as inspiration for a fewproblem

Show y 1 in

t.cm a n

both p r are retractions

EI.it 1k CD
rapt 687



COVERING SPACES

We called our foundational example T.IS using
coveringspace
IR simply connected

Can use this method for other cales too be of close
relationship b w

change

connected coveringspaces
conjugayitiesof

x ̅ of subjuges of T X

Observations to conjectivethe correct correspondence

can think ofany connected covers of IR
what about S wrappings

x ̅ 0 D
S S S IR

P
demons

P t x ̅ x ̅1 2 22 32 0 2 207

sit here a moment mention deck trans

if needed



9 x 2 2 What are all the

labelgone
connected coves

Actual classification theorem is more precise Goal

É pathcentd locally path cute
semilocally simply entd

Then

basepointpreserving

from
cease of 11 1pathcute

covering spaces

p x ̅ x ̅ x.no p x ̅ x ̅

If basepocate ignored

Pathet cyngay cares

959 8 1
if X x is abelian

basepoints don't matter

Hi Every such space has a simply artd cover x ̅
called the universalcover because it covers

All other covers comespondery to 417 T X x



Today geta sense of what'shappening
Consider X S vs

b X x a b F

QQ
To construct covers corr to subgroups we instead

upara temp name inHatcher

Qq covering spaces of X are 2mentedgraphs

caly at vertees

me if b barb b

a

bab s
t

a b ba b

baba b t
a different left

x ̅ coyngate
by b

a
b b babe at about

These two are conjugate Applyβn along h

assesses
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Rak F contains Fe for all KEIN countable
free 11

Rmf in particular every knot diagram gives a

covery space

Universal Cover of S vs

unwrapsompletely

an

v



L ngPoperten

Recall A lift of f Y X is a map F Y x ̅

sit pf f
Ip

f
x

hotel adf.mefemy
Given a covering space p x ̅ X

a htpy ft Y X and

a map Fo Y x ̅ lifting to
there exists a unique htpy

ft Y x ̅ of

that lifts ft

x ̅

4 101

P

This was actually partcosof them 1.7 alreadyproven



Lmk
Weproved this in weed 3 as claim from

the pt of theorem 1.7 A S1 2

Think of this as a specialproperty of covering

maps p x ̅ X

The case where Y is called the

path.li ngpoperty

11 The ftp.jn.EE
lifting f

In particular every lift of a constant path
is constant

The case where Y I shows every htpy

ft offo lifts to a htpy Fe for each lift to otto

In particular if f is a hip ofpaths
It 1 traces out a constant path

we can use HLP to provepart of our goal then



11.31
cal p T X x T X x induced by

a coveringspace p x ̅ x ̅ X x is infective
b The image subgroup consists of htpy classes
of loops in X based at Xo whose

unique lifts to x ̅ startingat x ̅ are hoops

pf
a let Folekerp WT for Cx ̅ const

fol p Fo exo so

7 Intpy ft from to to f exo

This lifts to a hipy from F to F Exo
by above comment

b clearly loops x liftingto loopsat to are in image

Conversely if a loop g loopf w smhalift
by hipyuypoperty g

also has
suhabtt.pe

a
fundamental
domain

def n sheeted cover

i



prope sheets of P ftp.affffd
index of p M x ̅ x ̅ in T X x

f let H p M x ̅ x ̅ consider cosets of H

loopg based at Xo lift g starting
at x ̅

h H consider 9
up

Define function

right sets of p x

Heg g i

Check well defined gelg hcg e Hlg

Issesive Clear as x ̅ ispath end
choose of from x ̅ to another
lift this project toaloop

g pig
isingutive High Mcgr

gig lifts to a loop gi.ge at x ̅

g 3 gz EH Hegel HCge

be


