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Homotopy lifting property of coveringnaps

Relating maps from Y X to maps Y x ̅

x ̅to

man iii
In particular

path lifting lifting htpy of paths

s
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Aside Building small cover

eg Consider

D interior of 2ms

Want to unwrap α by a factor of 3

not

Take 3copies Xi
sighedto riit 011,2

Glue fit fits mod3

x ̅

iii i
June



31 p x ̅ x ̅ X x covering space

IT is injective
b image px htpy classes of based loops

that lift to based loops Rafe
c index of ing Pt Inklingof P

more precisely bijection

right costs of preimages of
ingPt

x

Continue What about lifts ofgeneralmaps
not just homotopies

htpies are special because

def A space Y is localypothend it

yet and each nbhd U ofy
open nbhd VCU of y that is path artd

example nonexemple

Fate 7m



Existenceof lifts

pal 3 Lifting Criterion for general maps
Given p x ̅ x ̅ X x covering space

f Ygo X x

with Y path contd locally path cutd
then a lift F Ygo x ̅ x ̅ exists

if f T Yyoll p T x ̅ x ̅

x ̅

f
tax

Px

ix g
ext

mango aex.no

pt clear from rightdiagram p Ft
1

Use path atdness todefine f
let y EY

Pick path yo T Y
Then fr is a path in X starting at xo

lift fry starting at x ̅
Define F y Fy i

we made a choice path y



Need to show f y is well defined

Imitatemagutboard

µ JP
keep F

y y x.ttfy
If you chose instead yo ng y
g g't is a loop based at yo

g E Th Y yo
ho fy Fg is a loop based at

Byassumption f T Yyoll Px H x ̅ x ̅
Cho p a x ̅ ix l
h t Cho sit I is a loop in x ̅ based at x ̅

Since h t a loop he must also be

Commonargument he is infect a logs

By uniqueness HCP
To so 0.57

is Fy tune as fast and

To cousin is Ff true as fast
fy i Fy o fy i h 0.5



here the choice of y does not matter

and F is well defined

Use local path artdness toshow fin continuous

let U be an evenly covered open abhd of fly
ie fly CUC X h has left a sit

p I U is a homeo

Choose a path contd open abhd Voty st
f v cu

ie f cont f 1 U open
local path cutenessof Y

path catch V C f U

WTS I v is continuous

For y EV choose a fixed path
40 y and path yay fÉ

y V

ftp.y fr fu has unque lift Fr Fn
Where Fy p tofoy where p

t is the local inverse



FCV cut tapt of p 1 and

Flu y Flu nail

p lofoy i p of y

Flu p if which is continuous

F is continuous at y as



The lifting criterion can indeed fail when Y is

not locally path contd

eg The quasicircle Y uvin of 3pieces

Y a

fM
C1,17 on y axis

portion of y sin to

for XE 0

LR an are from 0 to 010
as shown

not locallypath ctd consider points in red

quotient map f Y s

that sends all of red to a point

IMO c
mentallycheck this is continuous

There is a covering space p IR S

N Yyo 1 c p t R o 1 c S so 2

But f does not lift to F Y R

If I were a lift by continuity yo would have
to be sent to both in and n 1 in IR lifts of So



uniqueness of lifts

Ppt unique lifting
papeggasattd.in

Given a covering space p x ̅ X and a map

f Y X if two lists f F Y x ̅
agree at onepoint of Y and Y is connected

then F and f agree
on all of Y

ii given

P covery spare

connected

if exists it is wife
Pf

let yet WTs F y F y
U an evenly covered open nbhd of fly inx

I Ñ the sheets containing ftp.F.ly
F cts nad Ni of y s 1 F n c ñi
Take N N n Nz



If fly Fly then Enter
F y fly's y e N

yey F g fly is open in y

If I g Fly then I C
F f on N since pF pF and p is

injective or N

yey F y f y is open in Y

also closed from above

yet F y f y enter Y or
an



Now toward proving classification of covering spaces
we restrict to 10_lypacatdX

locally path ctd path components
components

so X pathertd X connected

X Loc path ctd x ̅ is loe path atel
so x ̅ path cute x ̅ connected

we can stopsaying path as long as

is locally path cute

1ˢqtuestion when does X have a simplyconnected

covery space

Neary condition
diff X is servilocalysimplyconnected if

every point EX has a nbled U sit

the inclusion induced hom

ix U x T X x

is trivial



Claim it has a simply cord x ̅ then
must be semilocaly suply cute

Pt
p x ̅ universal cover

EX has evenlycovered nbhd U

Packay lift xE̅U
Each loop y in U lifts to a well litpe

logs ina since x ̅ 17

pay is neelhye too

eg non semilocally simply artel space Example 1.251

Shrinking wedge of circles
Xo

consider the wedge point
Any ubled U of No contains
a fractal copy of

ing of it contains 2



Aside

Eye Circle n Cn has rad Yn n 1 43
retractions rn X Can collegues all otherpts to

baspoint
me surjection for T X T Cn 2

get him g T X TT I uncountable

centsargment

size construct loop from any sequence kn

wraps kn times around Ca in 1 Yn 1 Yate

check continuous at time 1

every nbhd of X Contains ad but

finitely many of the Ca V

a X is notable
On the other hand A V5
is countably generated countable


