MAT 108 Spring 2026
Exam 02 Solutions

1. Using the e-N definition of convergence, prove that
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SOLUTION.

Scratchwork Let € > 0. We want to find NV so that whenever n > N, we have
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Proof. Let € > 0, and pick any N > 2, so that % <e.
Then for all n > N, we have
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2. Define a relation on the plane R x R by (z1,y1) ~ (z2,y2) iff 1 +y1 = x2 + y2. Prove that
this is an equivalence relation, and describe the equivalence classes.

SOLUTION.
To check that ~ is an equivalence relation, we check that ~ is reflexive, symmetric, and
transitive.

e Since x +y = x + y, ~ is reflexive.

o If x1 +y1 = 2o + yo, then x9 4+ yo = x1 + Y1, SO ~ is symmetric.

o If x1 +y1 =20+ y2 and x9 + yo = x3 + y3, then 1 + y; = 3 + y3, so ~ is transitive.
Given a point (z9,yp) € R x R, let ¢ = zg + yp. Its equivalence class is the set of all points

(z,y) such that x4y = ¢. This is a line of slope —1, with y-intercept at (0, c). The equivalence
classes are all the lines in the plane of slope —1.

3. We say that two positive integers p,q € N are coprime if for any n € Z,



if p | n and g | n, then pq | n.

Let p, g be coprime, and consider the assignment

f:Z/pqZ — Z)pZ x Z/qZ
[n] = ([n], [n]).

Prove that f is a well-defined function, and that it is injective.

SOLUTION.

We first check that f is well-defined. Suppose we have n = m mod pg. Then there exists
Jj € Z such that n — m = jpq. Therefore n —m = (jq)p and n —m = (jp)g so n =m mod p
and n =m mod q.

To check that f is injective, suppose we have [n], [m] € Z/pqZ such that
n=m mod p and n=m mod q.
Then there exist j, k € Z such that
n—m=jp and n—m = kq.

Since p, g are coprime and both divide nm, we know n—m is divisible by pq. Therefore n = m
mod pq, so [n] = [m] in Z/pqZ.



