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Mer-victorisSequences

↳ compute He nice giving open sets .

thre
.

-

Say A
,
BCX S

.
t

.

X = Avis

Whole may
assume A

,
B open.

U= [A,B) open cover.

There is a LES

i2
induced by the SES

of Ch(AnB) Go cn(A)Ch(B) - Cu(A+B) - 0

x + (x
,

-x)

(x , y) me xty .

and = Y
,
E = 4 x in the LES.



-

Runks Q LI

Cn(A +B)" = (U <((X) is actually
Cn(A) @Cn(B) as in the pf of excision.

Recal that C
.
(A+B) - C

.
(X) inder

E an homology.

O whatothe connecting map
2 ?

2 : Hn(X)-> Hn- , (AnB)

[z] - 2127

baycentric
-

cycle
z

Subdivide
z =

Xty
with X =) Cn(A)

ye (n (B) .

I note by
are just chamo,

notnecessarily cycles.

27 = 0 = J (x+y) =0 = 0x=by -

Cn- (AnB)

f

4k ·
Ch(A) -Cn(p) - Cr- (A) @ Cur (B)

(x ,y) (8x , 0y) = (2x ,
+2x)

-* ↓
Cr(A + B)

z= xty

6 f[z] = [ex] = ( zy] .

& is a boy => 15 acycle .



③ There is an avalogous M-V syn for
reduced

homology ,

where we anyment the
Set by

O-> ColAnB) -- Co(A)@C(B)- b(A+) -> 0

↓ E ↓ E DE ↓
0
-1407- 1- p

a+ (a, a)

(b ,c
- be

Some story as usual.

① we'll see that H
,
(X) = abelaminate of N,(X)

For X path-cntel.

Suppose X
,
Anis are path cate.

Then Fo (AnB) = 0 so

H
,
(x) = H

, (A)H. (B) /kuE = imE

imE = <chains of the form (x
, -x)]

This is the abellamized statement of

Seifert - von Kampen !



⑤ more generally ,
it X= AUD where

A
,
B are day retracts of unde UU (rep)

with UNV def retracting
outo Ans,

(u .
V

,
unV)

(U ,
V open ublds)

↓ def retract

(A , B ,
AnB)

then 5-Lemma imples we have red isomorphi ;

Hr(AnB) -> Hn(A)@Hn(B)-> HnCA+B) -> Hn-1 (AnB)-> Hn- (A) O Ha-(B)

↓ = ↓ ↓= ↓= ↓E

Hr(Mnv) -> Ha(u)@Ha(v)-> Ha(r+V) - Hn- , (Unv)-> Hay (4)00 Ha-(r)

↓
Hn(X]

Here we can use M-W with this more general

cover AvE

↳ In particular , for ou Cpx ,

can one all

rather then
whhds of cells

!



eg. M-V is useful for induction arguments :

X=S,Norther
pe Cut eatas

AnB = equator = sa+
-

A ,
B =D

"
=> FCAOF; ( = 0 Vi

.

=> we get icmophim Fils") =Fi (S)
.

- Iso not path
Seg entel)

3
.

(5% = 0 -> #
,
(DYOF(D1) -+ ECS") G
g ⑳ o ⑨

↳ To (5 %) = I - 8

~ no peth cutenes
conceitus needed for M-V4.

ef. Klein
bottle (Crcpx)

k = MuM unon of 2 Mobins bands

Au B

M retracts onto its core code -. AnB = Si

O -> Ha(k)
Reduced M- Vs ⑦

-#-> H(A)0H , (B)
= H, (k) -0

· H
,
(A - B)

27 ⑨
I

Im --> (20 ,
-2r)

Injective !
=> Ha(k) O

.

& surjective => H
,
(k) ETOT/24

& &

use basis
: (1 , 0)

,
(1

, -)
4



Evercharacteristic (shadow of homology

Many different interpretations (eg. w/ Vector fulds)

for us :

det Fora CWcpxX , X(X) = # Faus-#1 als +2 c ..

p. X(X) doesn't dead on the CW complex structure .

In fait
,
X(x)= (( rkHn(X)

This is apinly algebrace fact t works for all Chain epxs of

abelion groups. (Tmodules



Lam. If 0-A+ B + C-> O is as Es of frately

genuatedmods then rankB rank A trank C.

C = B/A, ranle C = rank B- rank A.

th· X(4
.
) = X (H .

(t) (t
,
d) a chain epx.

Pt .

En = cycles in Cn
,
Bu = bdys in Ca

,
Hn = En/B

00-> Bn-En- Hr-0

=> rk En = rkBn + rkHn

How to relate to In ? In subjects onto its image under d.

00- 7.-67-

kerdn

=> rkCn = rkBn- 1
+ rkZn

=> rkCn = rkHn + rkBn + rkBn-1

In act sum
,
the rkButrkBn- , cancels out.

IS

eg. x(g) = 1 - 2g + 1 = 2-

Eg

eg. X(N) = 1 -

y
+ 1 = 2-y

Inonometable
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Am Algebrain Fact : Kunneth Formula

A OnA ..
d. let it = ... An- An--

and B =
... En Bu Bar

,

En

be chair complexes.

The bicomplex -B is

: ·

↓ ↓ j
... - An But E Ex-An But An-1 & Bn+ !

↓ 10] ↓ 10] ↓ 101
201 201
-> -

...
-> An Bu And Bu Any Ba- ...

↓ 10] 2101 ↓ 10)

201201
①

--

> Any Bn-
--An Ba- An Br- -- --

↓ ↓ ↓
S · ·

Observe that the red and blue maps commute.
↑

The talization of AoB is the flattening of

AOB into a chain complex . To do this,

we need to first made each
square

ancommute by negating every other column

of but differentials



: · ~

↓ ↓ ↓
... - Ant But Ed EndAn But An-1 & Bra - -

↓ (0y - (1)n
+ 1

↓ (01 . (, )m ↓ (0y . ()n
- 1

201 201
-> -

...
-> An Bu And Bu Any Ba- ...

↓ (01 - ()
n+ 1

((01 . ()m ↓ (0y . ()n
-

201 201
- ① ->

--

> Any Ba- 1 An Ba- An Br- -- --

↓ ↓ ↓
S &

hourdignen n + n-1 = 2n - 1
.

"

The totalization is defined to be

Nt(APB)=Aj , 2T(
where for at Ai

,

be Bj, Cleibniz rule ! )

yN + (a0b) = 2, aob + ()"(a2jb)

Somehwes people with "oB" for Not(HOB).

Check : Because the squares anticommute
,
(2+)=0

inded
-



Ranke
-

Some boundedness is needed for finite sams in frot.

· If each dai grou Conge diagona) is a

finate sun
,

then we are fine

·

eg. If working with the singular chair complex,

we only have Ai , Bj 0 wan 1
, j30 .

Ther each chari group is a finite som.

thm. ("Kinnete Formula") - general alebsaue verson
.

Suppose it and B are fue

Cie ar Ai, Bjal free Armodules
,

se

is the care for the singular chari upx .)

Them there are canonically defined SESS An :

0-> ① Hi(A) OHj (b) - Hn(t@B)
j=u

-> O Tor (Hi()
, Hj(B) -> 0

itj=
a -

which yield (noncanonical) isomorphisms

Ha(AB) EHi(A)aHj() @ D (HiCA
,Hj

itj = n - 1

Rocks
-

0 There is a proofinmotopical topology

by Fomerko-Fachs ,
for example .



O The fact that we have the SE) does not

immediately imply the "direct sum" statement
.

we say a SES spirts if there exits a "section's
-

S
&

o - A- -o

such that sos-ide.

There are may more equivalent characterizations

of split SESs
.

(Math 250)

Eart . If 0 -> A + B + C - O splits, then

B = ADC
.

of nonsplit Se : 0-1-1-12 + 0

③ What is Tor ?

"Tor"= Tore
* (TorE = 0 Fizz)

For -modules A, B :

· A or B is free For CAB) = 0

· If A
, B are finitely-generated ,

the

For (A
,B) = Afor & Bor

where Air ,
Bor are thetorsion

subgroups of A
,
B respectively.



Kunreth's Formula appled to CW epx

let X, Y be en apxs birt withcell

sec) and Sepy , respectively

The XXY has an undered all complex stuet we

withws Gexeip4 .

We get an identificatin of chai epxs

new(Xxy) = e: (x) * c (Y)

leeiexei

by observing that a (exiep)

agree
with frt(exiep) :

schematic) example (i,j = 1) :

"Fee,

- a
x x0ez

- ⑨ ·
~ Lexi = +4

- +

exxfey :

-
-

22x

ecexes) =FI = bexey +El'exteen



Applying the Kineth formula
,

we have

the (Kinneth Formella for Cu <x) :

&FHi x
,+y()

itj = n-

ruk. By celular approximation ,
we also

have theKinneth formula for general
spaces ,

not just en epxs
.



Homology with Befficients

Let 6 = abllean group ,
X =

Space
we can defle the singular chan sex over G creffs :

· C(XiG) = Cn (X; 7) @G
· afferential : 201

· when ameting the chain ex for reduced

homology , cyment by GE LONG .

The resulting Ha(XiG) arethemology groups
of X with coefficients in G
-

Rand Usually use 2 : 1
,

Fr
,

Q.

It is particularly useful for non orientate

marifolds :

eg. HP" over E2 ; Hw ?

eg .

Kleen botte Over F2 :

G

& (F) = 2a = 0
.

i => Fi
,
zi = 0 !

0 -> An-F2-o # 30
.

Homology over #2 looks like featny the tors !

where as over I H
,
(Klei bottle) : IOE2E,

H2 = 0.



The Universal Coefficiate there fels us

that H
.
(XiG) o determined by H

.
(X: 1).

tha (Universal Coefficients Theorem for Homology
Ther is aSplit SES Vi*0 - Hi(X;z)xG- Hi(X; G)

-> Tor (Hi
+
(x; <), 6) - 0

·

If. Let A = C
. (X,z) and

B = afree resolution of G is free chai

apx s
.
t

. homology is Oth - 0
·

leg .

wre a group presentation fr G) .

Apply Kinnete formula to &B. A

to : examples rotue
you

can use UCT,
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Now consides more regular topological spaces

deft

Amanof dimension
,
le asAmarifeld, is a Hausdorff

space M where each point has an openabhd homeo to IR

eg .

live with two origins is not a manifold

· notice this definition doesn't allow for boundary, thats a

manifold/ 8 ,

where some points can have blds that look

like (0
, 2) xIR"-1

· A compact manifold is called closed las we have already discussed
-

Alg-top Interpretation of dimension of manifold : machin7let X + M
.

Then the local homology grop Hi(M,
M- [x3 ; T) is

nonmo only for i = n :

HiLM , M-Ex] ; 71) = Hi (RY , IRY-EX3i7) by excising everything
outside of a able

ERRn of X
.

= Fi (12-201 :1) by LED of pair ,

and since

IR= K.

= Fi+ (Si) IRM-so] = gH+.

Reaules: Hi(R"-Exb) -Hi(R)- HiCR,
-1x) &

IS &Hi-i(IR - 3x3) - His (R) + .



oretations& hourology

& usued noth is mented from do top
-> fame

,
Che

.

- dephen cohomology

Algebraic-topological defi of orientation :

dif An orientation of I" atapoint XERV is a choice of generator of

HnCIY IR"-EX3) EXL as descussed previously

rink. For any two points X, Y EIRY ,
we can find aball B containing both pts.

So the canonical isomorphisms
Hn(IR"

,
IR"-(x3) = Hn (IR" ,

RY - B) = Hu(IR"
,
IR2-(y))

allow us to propagate one choice ofOrientation to all points.

"local consistency
/

localmentationsfor manifolds :

dep A localorientation of M ata posit X is a choice of generato

Mx of the internete cycli grop Hn(M , M-5x)).

notation Hatches uses Hu(XIA) : = Hu(X
,
X-A) for shorter notation.

This is intuctive
,
since we're kind of looking at X restricted to A

We viewIn (XIAI as the "local tomology of X at A"
.



↑alorretations for manifolds :

dife an orientation of M" is an function XIMx assyning to each

point X +M a local orientation Myt Hn(M(x)

satisfying the "local consistency" condition :

Emeticspace

each XtM has abed home to IR CM (newing RCM) .

containing an open base B of finute radius containing X

Sit , all local onertations My atpoints yeB are images

of one generator Ms of Hn(M/B)
= Hu(IRYIB)

under the naturalmaps Ha(M/B)-> HulMly).

If an orientation exists for M ,
then M isortable.

eg.·i -0 word

Nonorientable because if you propagate My theother

way the two orientations aty disagre.

But we can extend themotion of oretability by using covers!

Credthis to difine fundamental dars



Reall .

dife an orientation of M" is an function XIMx assyning to each

point X +M a local orientation Myt Hn(M(x)
-

= Hn (M ,
M - [xY)

=> Hn(IRV ,
IR" - Ex3)

=> Hn- (IR"-[xY)
= Hn- (Sn -) =)

.



Fact Every manifold has an oventable I-sheeted covering space I

eg. S' covers RP", Tows Cover Klein bottle

Idea If M is monometable
,
then there is some closed loop Y you

can travel along where the oritation is inconsistent.

we can "uncrap" of to setasheeted cover.

Concrete constructor of # :

-

As a set,

M = SMx/XtM , Mx is a local orientation of Matx]

·

Mx # X is clearly 2 : 1 surjection

· Topologize the Set M to make My +e X a covering space
projection :

given aball of finte radien BCI- M

andagenerator Ms Hn(M/ B) ,
let

U(MB) = SMx + M / XtB andMy agrees withMp]

· MxtM determines its own local orientation :

Hu(M/Mx) = Hn(H(Ms)(Mx) = Hn(BIx) Call canonical

and by construction these local onertations "ghe together"
Isatisfy the Local consistency condition (

=> Mis orientable .



Prop.
Let Mr be connected.

① M is orentable i M has two components (two copies of M)

0 In particular ,

M is Orientable ifI
,
(M) has no subgrap of index 2.

Pf .

O Since M is connected
,
M must be /or 2 eputs

Et If M is 2 Cputi , then MEMHM ,
so MCM is mentable·

ED If M is orientable
,
then it has exactly 2 orientations

(Since M is Connected)
.

Pick an orientation at a point & propagate.

Eachglobal orientation determines a cput of M.

& Contrapositive : M nonorientable => M is connected => M
, (M) has

a subgroup of index 2.
I


