MAT 108
Exam 1
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policy. This is my work, and I did not get any help from anyone else:
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) ) e You have 45 minutes to complete this exam.

Problem Points Points If you are done earl ou may leave af-

Possible Earned Y . V> ¥ Y
ter handing me your exam packet and any
scratch paper you used.

Q1 15 . .

e The total number of points assigned to each
problem part is shown here and within the

Q1 style 5 exam.

e You will be graded on both mathemat-

Q2 15 ical reasoning and on writing style. In
particular, your proofs must be in full sen-

Q2 style 5 tences and neat, emulating the style of a
typeset mathematical document.

Q3 15 e [t is highly recommended that you use
scratch paper to figure out how you want to
structure your proof, and then write down

Q3 style 5 your final answer in the test packet.

e You will be provided with scratch paper,

Total: 60 and can obtain more from me during the

exam. Write your name at the top of each
scratch sheet. At the end of the exam, hand
in both your exam packet and your scratch
paper. You will only be graded on the
written proofs in your exam packet.



1. (15 points + 5 style points) Using the axioms of the integers stated below, prove the propo-
sition.

Axioms of the integers Let m,n,p € Z.

(a) n+m=m+n (commutativity of addition)
(b) (m+n)+p=m-+ (n+p) (associativity of addition)
(c) m-(n+p)=m-n+m-p (distributivity)
(d m-n=n-m (commutativity of multiplication)
(e) (m-n)-p=m-(n-p) (associativity of multiplication)
(f) There exists an integer 0 such that, whenever m € Z, m + 0 = m. (identity element for

addition)

(g) There exists an integer 1 such that 1 # 0 and whenever m € Z, m-1 =m (identity
element for multiplication)

(h) Vm € Z, 3 (—m) € Z such that m + (—m) =0 (additive inverse)
(i) Let myn,p € Z. If m # 0 and m-n =m - p, then n = p. (cancellation)

Proposition. Given k,n € Z such that k,n # 0 and k | n, show that there exists a unique
p € Z such that k-p=n.

e first show exisind. Sinwe K[n, by dihinifion , Hheme exists
pe Z_ Such that K-p=n.

Now we tndidar wiqueness. Juppose we have p.p, €7
S that Kpi=n and Kpa =N,
Then Kp, = Kepa.
Sine K#0, A cancthation axism +ells s Hhat P.=pa.
So p IS uaique.
ad






2. (15 points + 5 style points) Prove that for all n € N, 3 | n® — n.

We Show s by immng m N,
InHae base cant, n=|. Thea n®*-p= 1>-1=0=03, 5
3| n2-n.
Now assume taat for Some N2 1, 3|n-p.
We will show that 3 | (m1)3 - ().
Expanding , we haue
M+0)3- (n+1)
= 0343t dnc| -n-l
whith can be rearmmnged as

= (2-n) 430"+ 3dn

= (n*-n)+ 3(n ).
By the induction hypothesis, thue exists pEZ sudn fhat
n>-n=3p  Thuefore the above expressizn (an be

reWVITICA as
= 3p+3(n*+n)
=3 (Pf nTn)
Tharetore +1)* = (n-1)= 3 (P-m‘w\) wlrere
pratrn € Z, 5o 3| (ani)? - (a+l).






3. (15 points + 5 style points) Let R, S, and T be sets. Show that

RN(S—T)=(RNS)— (RNT).

Hint: Recall that for two sets A and B, the set difference A — B is defined to be {x : x €
A and x ¢ B}.

To show his set equivmleae, we sWow glowble intlusio.
Arst, we show that Rn(S-T) ¢ (Rns)- (RaT).

et xeRa(S-T) Then XeR oad xe€S but xgT.

Sine xeR and x€S, we have xe RS

Sine X¢T, X is adso wot in RAT) whith containg T-

We har Shwown At xe RAS and x¢ RaT, 5o
xe (Ra§) = (RaT).

Nexr, we show +ihat (RaS) - (RaT) < Ra(S-T)
ot XERAS)=(RAT). Then xe RaS buwt x¢RnT
We wantto Sow that XeR andl X ¢S-T

Sine Xe Rn§ = xe R andl xeS.

TF ematar o show that ¢ T Sine  x¢ RaT
we have x¢R or X €T But we bwow that XeR, so
it must be Hat weT.

We ke xeR ord xeS and X€T, 50 xeRa(S-T).

We have Shown that Ra(S-T) ad (RaS)- (RaT) inemcle
eadn othar, so Jr(m.j are quad
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